UNCLASSIFIED.
40216 220

‘Reproduced
by the
ARMED SERVICES TECHNICAL INFORMATION AGENCY

ARLINGTOY HALL STATION
 ARLINGTON 12, VIRGINIA

UNCLASSIFIED

;zg Y057 16003

B‘est Available Copy




THIS

DOCUMENT
'QUALITY AVAILABLE. T

IS BEST

= COPY

FURNISE

5D TO DTIC CONTAINED

A SIGNIFICANT NUM

ER OF
NOT

PACES  WHICE DO
ALY Wik ;
RN e = ey i Yl 4
SR EES N ‘s?’%f{" e T v
SAEnUUULH  LEGIBLY.

REPRODUCED FROM
BEST AVAILABLE COPY



NOTICE: When govermment or other dmwings, speci-
fications or other data are used for any Pirpose
other ‘han in connection with s definitely releted
government procurement operwtion, the U. S.
Goverzment theredy incurs no responsidility, mor eny
cbligation vaatscever; and the fauct that the Govern-

. ment may bave formulated, furnished, or in any way

supplied the said drawings, specifications, or utber
data 1s not to de regarded dy implication or other-
vise as in any maaner licensing the holder or any
other person or corporstiocn, or ccuveying any rights
Or permissicn to mapufacture, use or sall any
patented invention that say in any way be related
thereto.




»~

| v N—3
TWO MON-LINEAR PROBLEMS IN THE FLIGHT
DIMAMICS OF MODERN BALLISTIC IGSSILES @i B
. Joim D. Nicolaides L
$E1;§ L —
. ' . ﬁ?'ef h
N =@
§

Seloused to ISTIL by th.

et N, Weseons
TECHNICAL NOTE

.f"’. AST
gnlé*
‘fé (9 f T e

b 270 220
.A mafz GCOPY

L
i (e ym 2

Y
[ o
X

¢ T nsiA
Bureau of Ordnance

Departnleﬂt of the Navy
Washington, D.C.




TW Bul-LIXLR PAOSLES IN TEX FLIGHT®
DOUPICS (F MCDERN BALLISTIC MISSILES

Johm Ds Risolaideg®®
Departmsat of the Kevy

ABSTRACT

“

dbile the linear theory hes been the backboae of hallistic mlssile
design and has served vith excelient success in its verious foras over the
years, recent spectacular sissile flight feilure. have appeared unexpectedly
e are wnaccounted for by this lineer theory. It is thase flight failures
which now require attention snd comsiderstion of the non-linesritiss in the
£1uld force shd marnt systes which cotribute to alssile flight performance

and dynsaic stability. e : e

Two tm: ;r soa-lirear f11ght Instadil..y usve been isclated and
sdentified aas ' '
1. Son-Llnear Yaguus Instability, ead
2. Catastrophic Yawe
10 10 these tvo f1ight Instabilities which will be discussed dn the sectioas
wiien foliow. Approaziaste msthemstical wodels vill be suggested for the
evelustion of alssile dynsatc stability, Both experimentel and snalytical

asppiications of these mxdels will be aade and discussed.
. '\\\ .

S riginally contained in a paper prefared for Or. Yax M. ‘wnx, Cathelie

" Uaiversity of America.

S8 cientific Advisor for Astronautics, Dureeu of . pdnasnce
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. hmmmemmuwwummnromuu'
“3ibited fLight performnce felluris not predicted % the (hifted ineer
!hqf.zga all sames the initse} conditicns at lsnehing w-e large due
sither to lumeber wotion s 4508 :10ied by mudscwis pockets fiped broad~
a&mcmma&#mmmwmemm. o

o largs leumeding tolerssces as Sxeeplified by sxcessive pu or mortar

ore slearance. Tay effect of these initial leuncning coniiticns vas te
prodiee lac_ . seem valuss of the complox angle of sttask. Iy was; therefore,
Suspotted that the alsetle £13gMt 340" culties were due 1o noa-Linrerities

i the fluid furee amd WML aysie vt corplex angle of sttack. Tne
fetual atssile flight fallures Miu; foll . Leu gistinet groups,
954 charscterised by aisailes hevisg large rolling weloeity wed tne otoer
by alesties raving amell rolling welocity. Toese tuo oowps will be
Weated mparately in 1oe sectioss whiich follov simes quite difTerent and
ahﬁwzy independent 2on~lirearitiss are iavolved,




BON-LINIAR MAGEW IRSTABILITY

Waea certaia subecaic fia-stebilised rockets baving high spin were
fired cross-wind from a moving ship, large and persistent \ivobbuu mticns
oeeurred. - It vas mpoewfob, an examination of the ’unnr eriterion for
dynanic stability, that s oon~linear lhpuix ;”;n'. vith complex angie of

atteck sight be the culprit. Asting upos this conjecture a ainor confige

Nn-33
wrationsl change vas introduced to reduce the Mageus mommsst. Subsequent

trach firing results indicated that the flight instadility wes reduced to

toleradble liaits end, thus, tais critical weapos vas releesed to the fleet

for full service use.
Thls experience had, howewsr, uncovered & possille noa-lissar Megnus

instabilisy which requires ini' *tvy and understending. kcotdh;l:. -

sstensive wind ml prograa m md-n;-tn he e Naval Lrdnance Laboratory,
s nor~linear computation progran wes undertaken by the Laval Froving Ground,
a8d aa integrated flight testing snd evaluation progres ves uadertases st

the Neval urdnance Test Statiom.

A simple enpiricel asthod for predicting this nos-lisear Magnus insta-
uuiyuon@ﬂdwmmmuulcqloﬂnnmdommuy
eliainating a amber of alssile flight failures of this type. (me of the
purposes of this japer, therefore, is to set forth this mathod and to
muggest o matresatical model for subitantieting it.

sl Linear Tleory

Flictt instedilities in ballistic aissiles are characteriszed by an

eslmost pure circular piteiing and yawing motica wiieh yross to large’ values.

)




. 1= the lisskr sass this sotion is sasily trased to as instsbility is
d*ﬁmxm‘lw;?nhmm-nmrm
whick now requires attention. As & starting poiat it seems reasomahis to

assuae "s pricri® wat 1 aissile has sa alsost pure oireular pitshing
and yewing otios. The dymeals stabllity of the sissile may, thea, be
amanined with referesce to werious sises of this apecial metion. {Fig. 1}
It ahould be smpbesized that this bappy state of affairs of almost cosstaat
magaitude of the complex azgle uf atisck szists ia rolling fin~stebilised
aissiles and shells Wt does not sxist in the cese of the pure pitchicg or
pere yauiag avtion of soe-rolling airerdft. It aay be for this reeson that
$his approssh has net beea comsidered previously in missile flight.
Tae first wse of this saswption will be ia specifying the serodellistic o
force and acesat systes. ALl the Jorces due to angle of atteck will de
_spenified by & vomstant force plus o perturbetion. (ris .} Iwo forees
ol their somcis ers sllowed to be aon-linmear. These foress mc the norsal ¥4
fovce dud to angle of sttack and the Negnus fmtd\nku‘ha{tt‘:&t
- sod rolling velocity. All otder sercdynanic forces and somsnts are ssaumed
%0 be linesr in their respsctive warisbles. decordingly, thw normed fluid
foree and the mormal fluls momsat scting oo s missile emecuting o alsost
pure cireular pitehing and yeving sotion sy be. vritten a8
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Tae basic di.lerentisl oqu.uou' ol motion wristea in terms o: . '
darchallistic dnes (Fig. )) are given by

(A, w+i, q-)..-,-- m W - AU?) , )

- -

/ N oo -e -
(Myw e M “')“7 * My fM.-ar =7 u./u.,‘v o)
solving ag. ( 5) .or ? R :z...u-aunun( xor? acd sabstituting into

\ ) . 2qe () ylelds a ungh aiilerentiai equaticn in complex @which by
substitution of iq. (7, JJ‘ - /w ,w) e ,, end its derivatives

" may b reduced 10 8 di..erent al equt on .n reui ¢ as

& +N &N W s Ny
Q. (¢ ) 8y be written vith peal coef:lzients as

)

W orNW MW - "y
.provided that the condition iQ0.0d by 2q. (10) ie satistied.
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Stor sonvenience we shall let
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The conditirn of Ea. {1.} may be satisfied sither if :’i =0 orir
the qmtity;s m bracet is ecusl te sero (i.g. of ,3- 0 and it
) h! 3 * 0). consideriog the latter situation shc vriting the tlprﬂllh;&
for l.l'2 as,
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18 my be noted that @, = 0, trétrl. or it ésr,,

¥ritiag the expression for RN, as,

; .
o, ol ptl- e 2 .u_es)o o .,.!4’:;1[;:”_?{’_ ,

Ueler]
(19)
aad assuning that :
T * EP., My <M, (%)
Yields

RN, = (6-0,)(6-2,)

(1)}
Therefore, 1t may be nuted ivoa iqs. (15) aad (i) that the condition
iaposed by £n. {10} meay e 82003fieg 4f
®-a, . se &=, Cla)

pmvxm that the Magnus Jor2e aod the static moment sre lneer, 2q. (2)).
"8 Bay nouw return to the basic 4ty

‘Terentisl equaticn of sotion, ig. (9).
Assuaing that @ =3, the general solution is given by
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Bafere censtdering in detal) the solution gives ¥y Eq. (<3, it is
m&mm;&:&,;ﬂh,z,aktﬂ!cﬁth
Mability derivatives. iecordingly, !1 z 18 given by,
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, This expressicn say be lurther ‘stapliiied if the terms under the radicsl e}
-are divided {aw tws groups, ome coataining tarss whics are icp‘nt e
other containing the smell terme. Istrodusisg the spprozimstios
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wiere the condition imposed by £q. (i.] has been satis.ied. shile Lvan
sriginelly aliceed tc D cuaplex, 1t mey be noted iroa ig. {29) et it




1 real. Twe sets of values for b." sey e obtained depending upon
mn«-«u—uu.u)u satislied, a8
uhrl.u- . .
H .
X. v = (t-t)* "I—;-- (1+T) ¢ —1"? o)

r”(ﬂ‘/ 4%:2’(/-0- {c ':’HP’P'- h o"’”’”
oo, 11 220 thes e
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- sxpresaios tor 5, ia terse of the stability derivatives, vhen

5q. G.) is sstietied, is given Uy,
2, ., . (Mysu N e M ]
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It should be noted that the demominstor ol the bracke? juantity, (3s)

é.‘_ »48 identiceily the isailiar linear theory expression :or the
sutation sad pre:ession dasmping rates where the tangent slopes are used.
The  sumsrator on the other hend wvhile identical in fora uses the seceat '

slopes for “he nos-limeer quantities. (lig. )




A the sutset, ia Spociiying the :lulg i01ce8, g8, {2)and {2}, 12
oS Sesused vhat the missile Md almost pure cfrouler pitching and yaving
Rotiom.. The selection of L.itia, conditions ia detersining i) and X;

henid, Herefore, b suck a3 ¢ Setinly st least inltially this requiremnt,
Thus, we assume that,

. i?"&s’, 9}.' Q“:,)"ﬂ‘ ’ (%6)
L Ite sapression jop A, 20 i {29, reduces 45 .
' YL T
' XN, = SR n) om
bl
égs ’ét,f

In consldering tu napility or g Basile, we are intersated iz 1 k

. SoRditicna wnder wiuich the aissllv das only mrginal dynaals atability,
IERL $3, we wish e find & boand pelov o [
dynamicslly steble ur unstsble.

e % tns sistlle is eltser
Thus we ars joteiested in studriog ig. 3}
107 sonditican where ), or ), 1s spproaching sero,
“as- { 31eX ) taat, usuaily,

It nay be moted froe
¥her one A is smsil the other is large.
drrordingly e, (37 ) say be written -,

x‘r:‘ﬂe:*vfi} }

A, o {3¢;
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wubatituting these Sapressions snd g, (47 dack ints 25, R} } yielus,

‘f P .S 8*‘ PERN
SUTSE W e T (W <)

#

He



viere 5~A' v ) ~o
or §.§.~ %-c

Since T, 18 asenaiated with ), , end T, vith .A‘ » Yo may almply write
owr solution for the motics a8,

4 ‘).’ foe & 1A, _A.-bl Y]
IE,'(‘-‘F*%W)e +W, fw 6:"1 Ak, e
— . ¢ @)

L .
ww‘("'T)W 42

This fs, taerefore, the beaic squatica for the alsost circuler motios
of & alsaile acted upon by & nonelinesr Magnus somsat. 1In the following

seetion this equation will pe oxanined for evalusting the dmamic stability

of the missile,

1




Diseussion of the Quasi-Linear Theory for Magmus Instability -

Owp parpsse hore is t+ dissuss Iq. {{1) with & view tovards deter-
sining Both the conditions for sisslle dymaaic stabllity asd a msasure of
e --c%tw stability vhieh & aissile has for gives flight
eenditicas. .

~ The conditics for dymamic stability ia thm::us:n fvee by,

! _ i M w M v
0oa el P ]

M,uimkkthrnﬂﬁqh.édhitmwu}

Wogia by casaiaing the case of negative A . Piret, 5t aay be moted thet

vers W20, thes [(if-0mmd aloe vhea ) = X , [F/-* O . Both of these

recused camws ars sssaaitially f-t fiailiar [inear one vhea cnly oes ars exists.
Of dasic iatarest ia tais acn-liuck ssjution, 8g. 1.1}, is the fact

thet & trimiike coaditics oxists wdes is repremated by Wy . In

vonsidering alssile stability, it is i-portant to detersios the sime of this
Posudo tris as compared to toe besic meticn, W, about vbioh the pertur~
Wtion, & , tekes place. Thus, walues for VT4 are gives by Lq. (42)
aad plotted in Fig. & ' '

In the familiar lineer case vhea )\ O dypamic stadility ves indicated.
Bovewsr, in this soe-lisear sclution it mmy be scted that if Wi ) Wand
é(a . thes & divergsmce from thé basie motion results thereby
tsdtasting dyante tastability. Cf course, if Wy <'W and <o

dysanis stability resuits

3
£




e s s e

fhm“‘bm'ﬂn—u stability®, oh.htuom-uuq,
€200 ohould b0 defined. A hesis moticn Pepressated by W 1: perturied
W e edtition of @, Fig. (g). If e remiting astiod, /¥, teads
umuuuwmmwoumu leas then W » thea the
®otice 18 termed “dynsaically stadle® ror that valw or W,

ho‘mlou possibilities for atability end instability ia this mon-
Hbear case, 4. (4 ), #ay be perceived by emid.ﬂnI‘ the two besic
co00p vhich are repressated vy wf <W s Flg 4, amt W, OW | n‘. & .
The Jormer is cbtained when \.’1 19 poaitive and the letter when' /,\ ia
bogative. (Jee 9. (42) and rig.y ) .

Two possibilities for positive ¢ A exlst. when A 1 pegative and

2* 18 negative, dynaatl Lnstatulity resuts. la Fig. § these teo

Posstihilitie; are represerts.. : *na Arat posetbllity (A <o eng A )
the traselemt past, { o ) '. shrinke, and tme L. cotal nuon tends
tovards V. < W | tag, mteouq dynante atability. 1n the pecond
Poseibility (A >0 o0 .7 ) ths trensient part @ovs, and thus the

ttal moticn tends o ncrun avay .rom 4, ud W, {ndiceting dyneatc )
lnstability, o )
e péuwuun ior negative N U alac exist. ehen b 4 negative
and * is positive, the atasile is dynamically unstable. However, when
¢ is positive and A 18 negative, dynaalc stability results. This
satter poasibility is o particular interest sin:e h cortainly would not
e scticipeted from amy linesr analysis. These two poseibiliities are
represented in Fig. 6 . In tne frat (10 g \ o )s tha tosnsient

HAZt shritks in sise and trus the totel sotion grovs svay .rom . and

%)




tovards W, YW, 1adicating tastability. Is the second ( A> O ond
I , AC0 ), the tramstent part grovs 1a sise sad thes the total metica
shriks touard W, iadisetiag stability.

Waee )50 asd )\ '1s nigative, the pitohing and yawing motice will
3o stakle 12 the origisal jure siveslar msde nelther demping nor sxpasding
meg,sw’. mmma*mﬁamu%‘i'ﬁdtmmﬂ

¥

N * have does previcusly inve~tigetsd by other writars.

wass M =0 god A 12 positive the motion vill grev and tous be
-stable, ‘

Wile asgative valuss for Wy nave sct besa specifically discussed ‘
o illustrated, sll gecersl statecsats still apply. For ccapleteness,
oms typical ssse is representad 1o Fig. 7 4 § aad is now discuased. Wieo

e ———

A<o g«? aad )72150 tam We <0 miz b trenstent motion reduces
1n oise; the total mstics teads toverd W w3 W and 18, tous,
i dynanically stable.
Is eussary it hes bees shows thst the missile is dysesically stadle
vhoe perturbed fros the basic meticn for two cases vasm .

WA CO wma Neo : (44) S
A X0 s=d _f L -2 : &)
B . and the missile is Apsamicaily unstable in three cases whes
’ €
RTINS YNBSS W]~ {46}
. .. ) [
o A0 = ] o (27 ;
. 4 -
3w Ao = M=o ' w .,
- - f

4 Liatt Cyele extats weee | =0 xd g <O, ’ /




a-uuua;um.memmmuw
h&-bnu-ununuu\buuu.. 1a revieviag
lp.(ﬂ)-(u)nuuamuug-u 5' 19, bovewer, a
witerien for dynenis stability, Thus v fiad, vith soms emmsemsat,
Whet the reguirenset for Dyuemis SMeMLlity ia this men-lisear case is
ety vt .

A Z 0 . : {s0)

wes 9.

5'. - f.\!(, ) ('i'z )(li?) _::_V
(s

- —_——H»meu--.mm.;m.t ) “ "'v"""w will
lmstistely revesl e ovalustisn of the Qmanie sehility of the Bisaile.
Muum-&a&nucmwum-m
mmw-—um um-nu.)
fwesamine W -n..m-m--ummemmx-u
Wo plet 1 aade. It sheuld be resalied that W capreseicns for X
®iot dopuading e vhother (<2 o¢ 57, Thas, twe plets sheuld be
Sde. 1s bespiag vith claseieal weage the faster eirewiar metisa will be
salled "sutation® mad W slover, “procecsica’. W, regiens

of 8i0eile nen-lisesr dymenis stability may Bo revealed 1a sush plate

o given Wp Pig. 9.




Bot saly may the dmenis sehllity be determined but, alse, the '
A0k of Qanis Hability asy We evalusted by neing the sos-liseer . e

Shoory. hwmm,nqui&'/: h{-‘;’ ﬁ‘:-"-"
0ts By (4] yislds o supression for Metlan Nalfelifs a5 & fwetion
. -
“ve Séw{e-‘;‘--:)
E.',";E‘ - 2( :: &y !
. é_‘:‘_-,_.“f ' . T
" b s NP 1
v o A o
el m]i- %
¢, 23, es3) ’
. Pl <t W A

hth'm",-mmratmméh
ovtatned by storsiuting [iF] =2 ] sote ta. (02) 00 |
2a: 4002
n =L L!._.\.‘ .‘:__._._'w] &)
&7

e 43# T A

S*_i._w

-

e ,_[i_, a..,,]
‘&1" ?:; oKW (s3)

40 & rosult of U precesting smalysis it has bese fvnd thst:
(3} e sendities for dyuanis stability is gfvr}(o
(2) the sosmt of Quente stebtlity 1s gives ly the expressiwns
for Motien Nalf-iife snd Diwble~iife.
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Mpplicatione of the Quasl Lisser Theery

dpplications of Whe Quasi Lisser Theery for Kageus lsstability have

3000 anie %6 cortain Mdseiles vhieh, is Flight, exhibited & peseidls Negaus
. i . | ]
_instehdlity. The appreath employed was, first, te make plote of ,_\*,(W)

for fhe original design, for medified desiges, and for aodified lamching
o-uu.- 4, thee, ssleet ese senditions for vhieh pocitive valuwes
for A” vers aatirely aveided. Subsoquent dasigns based e tais
mmmmuummumm. Waile
mmmm«muﬂuq-_ummmmdm
\hsery indicate prenise, the full extent of 1ts weafulssss and of its
Laitstions 10 esemticlly winrwn. 3ises o are doaling with o MgAly
m-u-u'nun.mwe&n-‘mmwh-nlnl.

unuu-umqm-wq.unu-.' o~z wiloem of W0
wuqmumummm-nuumumm
iatagretions of the samet sen-liseer differeatisl equatisas of wtiea e
\he Saval Ordnasse Asssarsh Cosmpuier ot the Mrwal Previsg Grewnd, Dehlgres,
Virgials. Thess cctparisess of e predictisas of e Quel Lisser Thwesy
with the NORC Tesults are gives by Dr. C. J. Cobsa and 8. C. Mubinrd 1a
mmum‘umﬁmwum.”

Piaally 1 sheuid be saphesisnd thet the Quesi-Lincer Thesry is wet

istendad %0 prediet the guasral Sotalled free flight astien of miesilse,

partisulerly vhen %ot sstetion and presessiss arme ore pressat. latier,
She theory suggeste & ath~d for guickly and eseily evalmting sissils dymemie
otadility vhes ested weu iy & se-lizcer Magaus mmat. Por ialtial desige

1?7
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evaluations sad 08 & guide for “quick fixee®, 1% 1s strongly recomeaded;
Beuwver, 1% 15 2ot iateaded % replase flcal semeical iategratises of
hutaffutm“umotw@asnﬁwm
Biperiense, Uns fur, has indicated that the bost results aed & full
Pysical wderstandiog are eoteined by weing both.
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Iatroduction

A mique flight instakility sst accoumtad fer by the Unifled Lisesr
Maupmuntmmﬁ.:mumum
flights of @ cortais fis=stebilised alseile. This purticular dymanic
1astad11ty, vhes It cesurred, 'vas first eharseterised by the fallwre of

' o the aissile %o plek wp its full steady stete Yelling veloetty asd, them,

’ W & cotastrephie grovth of the pitching and ywviag motice. Iaitially
the relling velosity 1aereases dwe to the fia cent. However, vhes it
Teathes & value oqual te the sutsiics frequesty it helds cemstant and "loske-
12" at that yarticular value lur*eed of sesking the muth larger stesdy state
valus. (F1g.10) 1lmitially the oise of the pit=tise s=? ,quing satics reduses.
lowever, vhee e rolliag metios locke=ias, i‘hﬂl’l’ grev and may wry
s008 reach extrens valuss such thal the missile is flight iboks mere like
@ propeller thas an arrow. (Pig. 11) This uaique flat spia bas beea termed
'c.wu'.'

Is attempting to find e physical explasetion amd possibly & theory for

the prediction sad future awidance of the Catastrophic law, the rolliag

' ' sstien will be comsidersd first.

Aolling Motics

The rolliag mstioa of missiles hes besa classically comsidersd the
sisplest sode. Its kaowledge amd coatrel, ‘towv'cr. 1 osesntial ia the
gaided miselle in order to schiewe guidence and in the dallistic mlssile

19




ia seder %0 eshiove flight stability and acewrssy. For missiles flriag
ot mull angles of attack, the llsser thsory has performsd hettnd
1a erder te eritisally tavestigate the posaidle emistense and sature of
slmersel rolling setions, pratisslarly of the 4ype sbesrved ia satsstrophis
flight, & sispls fis-stadilised mede! {Iusic Pinser)] ws stingemwmtad
mumxammmmesmwufsm
variatios of the steady state relliag wloeity with mgis of attask for
angles fres ° te 0% var maswrnd. Typiscl dats are giwe i Pig. 12
vhore 1t 1o neted thet there are large and almset distontisucus shengss
12 the steady state rellisg welesity vith angle of attask. Alss, it is
noted thet the missile may rell in sither direstiss end, 1f the aisetle
1s stopped, it my remain stepred. '

" Jor emvealaare Ws tr. miv shuermel relling setiees chesrved during
mmmmmwwe'awmn“
Siace, ovar & esrtaln renge of engles of attesk, the sisells cas perfors
-either metion, it wves suepested tist tix tws phesesns are dasizally
indopsadeat and Buy b trested superstely. Per owr preewnt purpesss, it ia
the failure of the nissils to rell {(roll lesk-is) vhish required malysis
ot eplametios. o

Twe boy fasters charasterisiag roll lesk-ia are gloaned from the
amperissstel dats. Pirst, thers is & defiaite depsadenss on beth the sagle
of sttask ant tie iz cost angle. Delow & sritical waiue of angls of
sttesk, s asdel vill rol.; ahove that valw, the sedel mey fail te rell.

In ths renge of eriticsl valwee for e sagle of attask, there i3 a
eritiesl valwe of the fis cent sagle below whish the model will fmil %o
7oll aad abeve waich the mmdel vil roll. Seseadly, vhes the stseils fails

i




s rell, the rell erimstation of the medel with respect to the plame: of
the angle of atteek, ¥, wriss vith the angle of sttesk. At the critical
angle of stiesk, the rell erisnta:les of the medel 1s ia the seighborhood
of 67 1/2% ie \ae sagle of gttask 15 intressed the roll eriemtition
wads tevard {5° e & limit,

These tus eharscteristies of rell losk-ia suggest the possihle
»mdonna-tmlm-qhdntun“nuno
rell orieatstics. A review of the litersture reveals that sush i see-linear
roll mmset 1s kama to exist snd has bees sieeursd quite early om airshipe,
m.umﬁ?‘?«.mmmw.m'mﬂ
Rell Momsat® takes the guserel form

L) = G a (a1 y)ypV'Sd

(56)
C‘Y [ t‘
ot 10 plotted ia Pg.1). 4
. bmwuamumwmdm-rum
M—Qumu.numuuenmthmmd
Tell lesk-in. Asecedingly, the equation for the ralliag setion say be
rewritten as . ‘
. L@Sa)+L(p) *L(¥d) =T, p ‘ (57)
vhsre
‘Wtha)s Memsai due to cemt » c,“(.()s,if'rl (s'l)
L(p)r Dasping Romset - 'Q'(-:,,.)[f-”iPV‘SJ {59)
L(Y,0: fnu Momeat v C,J“,),‘ Lam#T15fV S«{&

)




1n the xiad Umasl case of rell leskeia R=O , P =0 , aad
of = eonst. Thus By (57) redwes to
L{Sa) + L(ya) =0 ' (o,
In any particular wisd tummel test of roll loek-in, :
. J’ T LOMIT d = LMt

Toms %0 satiafy Bq. (61 ) 5% 1s caly seteemry %o fiad & wius

of Y for waich . c _
X=% am ["Cj’_&‘] , (s
Ao * ! :

The thres peseilis nes-trivial sasse are 1llustrated is Pig. (14).

Is Cose 1 the roll memeat dus te csmt fo greater thas the induced
rell ameat for all veluss of the reil orisstatioa. Thus, there S8 5o .
wlvs of or setiafying Kc. (48 ) and thareflocs . o camnot lockein
ad will peil. ‘

- 'kmﬂ\munumnmmn‘mma Y =67 1/2%,
and thus 54, (62 ) i satisfied end the model cas lock-is. This is seen

e be the "tritical eagle of sttack® for thet particular roll momsat dus .
e eant. If the angle of etteck 1s slightly decreased it 1a soted that
the medel cenmot losk-1s aiace ve bave Case 1 aguis. If the engle of
attesk is isereesed then ve have asother sxasple of Case J.

s Case 3 there are twe valwes of X for which g, (62 ) may be
stisfied. Por the valwe 67 1/2° { Y & . %0° etatis roll tastability
amists sines & slight incresss 1s Y yields s roll memest due to ceat
Sroatar thms the Indeced rell someat wvhich temds to couse & grester
tasresse in Y aad thus further stetic wbslasce. 1r Y 10 sligitly
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rodwet o slailer Wmsteble situstise exiots. Nevever, valuse of
8 € ¥ € 1/ we s 10 e statically stedle ant thues
ell lesk=1a 10 eapested ia thls renge. -t
' Tho eritieal angle of sttash for rell 2esk-1s and the changs in
oll tria engls are thus given by B¢, (41 ) by slaply taserting the
Physisal peren:*ere invelved,

- _'_M (63)
(7 14 <
M
v &a .
KN . -y -—L . <
Yoew * § i { c.,«] 95°¢ Vpn € 6T
(&)
vhere Cg“ =t C,u-'hubna-nmhdd Y.
lsuuq'mumwmxu.ammmxu
emited tad wall seeillstions 1 rell sheut the rell tris angle. The
froqueney of these sesillstisns may bo predicted fres Iy, (67 ) vy assuatsg
¢ lisear vartation 1a L (V) for the small Y resgs isvolwd,
" Msserdingly By (37 ) may e witten oo _
. 3 - >
F+N Y +N V=N, (65)
whare . ;
N o= -% 9, 18T4pv'sd ] )
- T s .:‘.'. 4‘ .
N, I.[r,_‘ *‘,:v.s'J] G 0 o 6
. !
= » L s tov'sd] (%5

z’A




- = N = =
“§ -k - : {m}
LA L :
., = . F =
K, o~ %ot rE0) £-g
) ¥. ~¥i. * {72}
. The freguescy of the roll cesillations is gives Uy
» oy 5 ¥ '
@, =t g G, tpvisd) m)
and the damplag by : ’ ‘ ’
v/ Y .
fo = S i (L) bev'sd) ()

‘Somstinee, particularly st very large angles of attack, the msdel
was obeerved to osclllate is'y diverpeat foom.: &°° t;gfs to roll ¥y
1taslf. This type of rell peeformmmce is &'s: w:.amted for by By, { ) ’
if the rell daping semsat 1is positive or wademping. The above saslysis N
of the experimsatelly observed divergest rell ceciilstiens suggeets thet ‘
the rell danping semeat may bo noa-linear in the angle of stteck and the
felliag veloeity of the aiceile. 4 sce-lissarity of tAs type might well
asssumt for the roll spesdeup phencasas msutiowed st the cutset wt set
qumu:umm.‘p

The, the iatroduction of the noe-lisesr iaduced roll someut iato
the classical liaesr roll theory which eauht.th::l.ll‘-tdsk
em-&mn:;.tasunusgnxxsuwumm‘s
explanation of end & predistics sethod for the rell lowk=in chesrwed

is the viad tumsl eets.




Bow that the wiad twsel rell losk-is phemamems appears to be
mm,mbunm}uihnnmu;umw
oensidored. This aisell> case pressats tus sdditicasl 2ceplisations.
Piret, the niseile 1s rolling and seeond, the missile’s aagle of attech
sy Yo changing. It is recalled that in the missils case the rollisg
veloeity failed to increase to 148 deaign valus aad 1t stopped increasisg
at & valus of relliag velocity equal to the frequeacy of the aissile's
pitching and Juming sctica. HNow whea a aissile is rellisg at the seme
rate that 1t 1o vobbling aad Lf the wodhilag is in the seme sense as the
folliag then we hawe the sperial ease wvhere the missile 1s et chemging
it rell erismtation with Pespact ts the plens of the complen smgle of
attack or, sald ethervise, Y 10 & constant. This type of pitching ant
mmumw;wtm'”ﬁamcmmum
mstien of the msen. ' ] i

If pure lwar pitchisg and yuving setise exists, whare the engle of
sttack 1o & eomstant, then the analysis used 13 the wisd Lmmel case may
mumuuu&m“nmxy“muuu&
smmest,

. (‘s?) say be witten e ,
L&) +Lie) vLYa) = O ()
were S, fo, x, et Y e coastents, the eritical aagis of

ottark 10 given w

. -
d(’o'

. Cli__&. -Q,(f.‘)‘) } | (%)
':I“ amm *x’ ;g

as




aad She rell tris angle s gives Wy

- 4 ! 1 :
Ym X A [-"—%({‘:&&-C},(«‘}f)] om ;

Is Fig. 14 the mlvtion $o Bg. { V%) is represented.

The phescasass of rell leek-1s 28 obssrved is the speeial wind
tmmsl tests and in full scale free fLight of & jarticular misells sppears
10 80 tressskis to he aotiens of the sen-lisear indused rell memest. Whes -
tals masat 1s istrodwed istc the elassical theery fer the pwrs rellisg
metion, & method for jredisting ths oriticsl aagle of sttark amd the roll
tris sagie is ewolved.

Pitching and Tavice Mot

ItﬁmkWQMwﬁls, wiy the catsstrophis
rowth of the pit:hisg sad yawisg metiocal™ It was sotablisted 1 the
previeus section asd Morme out by the flight performaace data that wiea
rell loek~is ocecurved, the pitehing sad yanisg sotion is of the "Lumar
Type”. Specifically thes, we are consarned about the catastrophic growth
of lwar mation. JFor s statically stebls sissile, the Unified Linear
Theary iasdicetsr that lwmar sotice may occwr ia two distimct cases. Oweo,
vhos pure autatics {f.s. A ] exists amd the awtation rate is equal to the
o1l rate; the oider, vhea purs tris (f.e. A ) sxista. Is the latter

‘sase lumar sctiom exists for all waluss of the alssils yolling weloeity. -




Of sowres, & combination of Beth of the ssses yleldiag lwmar metics om
sxist vhen the relling weloeity is squil to the astation rate. Although
_\be cosbisatien msy be mere vealistic, wo shall first conaider the twe
poseibilities separately.

Toe dymande stability of pure mutatiosal metica i the linder and
is the ses-1lisear cese wes trested ia the previous ssetions. ipplying

Aheos astheds of predictica to the alssile is guestios cospletely fails
e eseomt for the chesrved cotastrophic grovih. The sise of the tris is
uuhq-uu;mumquxmmzqumnm.
Maxisws asplifications of the nomrolling tria ocowr wvhea the rolling
nluﬁv 18 oqual to the autatios rate. This phemocaweca 19 knowa a»
"Aesonance wuty’.“.d tiumn, une would certainly suspect it as
the couse of the catastroziuc gr *: ~° the pitrhing and yewing sstion.

. Mowever, thess amplificatioa factors can PFead!’; us calculated from the

linear theory mad even apyrozisate valuss cem be obtained whea now-lisearitiss
in tas sarodynamic force sad moment systes aisis These calculations reveal
thet aa explasatios for Cstastrophic Yev camoot be found in surrent linear
or nowelinesr theory waich costaiss the claseical static asd dynamic forces
and BORSRts fros esrodymeaics, mcn. and ballistics. Ilsarly s
sov fluid force or forces are required for am ".hrwin‘ and & possible
solutiom. ' . .

dhile dependence os the roll eﬁ.uhuca is immediately, ruled o4t
ia the ur.nr' case, its essential role in providing aa ewplanation for roll
lack-1n suggeste that it aight profitadly de comsidered is the search for

8 force snd momeat which might account for catsetrophic yaw. Wisd tumnel




tosle 40 yoveal twe sdditianal offects of rell orimtation. Pirst, the

\'4\\-1:-uuiu-tnum-r¢amnm. 15 md,

sseend, & side fores and mearet are fouwnd 40 exist and are indisated is

ﬂ‘-ﬁ -
The sermul fores and it seasat may b witim®

Z (w) =G wipe's *Ca, o (am2l) % V'S (78)

;'; (o) = S, swipv'sd » Cuy s o (em 20}V ™

whare the first ters in the right side regresents the classical fors
wikish {5 iteelf may bo non-linesr in angle of attask aad where the segond
PR Pepresents the varistism dus te rell orisntation. Ners, alec, Ue
seofficlont may, 1o the geaeral asse, ss & funetion of aagle of ettesl
ad roll erisatation.

The side foges and msmsat sny be witiem

t

—— R , = - *,
Zw)? . qw ¢ wmtljor o ff‘xawfﬂ-*‘dffi‘: (83)

M‘('i.w,} . H‘i'* { st db) i 2 C"r,.r; u—?{;ﬁ{a?tfd' 81)

*The squaWons {{.0. Bqs. { 70 & 79)] are applicable to & crcifors aissils .
_oaly. Sisilar espreseiens sy M for other rotationsl aymmetries.
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In evder %o doternize e cantributions of Lhoos Ben-linear forees enc
Somente 1o the 1140t parformense of Alseiles and spesifically te the
Qranis slability of the speeial piteding and Jewing metion, lmer metion,
18 18 Mececsary to odd then 0 the claselenl soredymantes systen aad te
lavestigate the edifiel equitions of astion. Clearly o gumeral selvtice
of the camplete squstiens of metioa containing Lhees sew nee-lisesr terms :
18 mt pessible. Movewer, 1f ve confine owr atteatios 1o the spesial ease Vo
of luar setion en appremisate selution i3 poseible.

rmmmmnqxquummmuu.
he 12tal forve and dumsat, 245, (1 . U), ey V¢ cxtenddd oo

3

"

whare

—

=[(I~'f,,)5h(}“ 'Elw)‘!]lgl 42[1‘#3; w fi{.[ (e2)

[(H. MW)W M, MY yjn,‘ ‘,Z "% w n‘?of

A )

E,W ] ZV.I (‘.J’)"A 2““(“4() ‘ (%)
Z - AL (e3)
Z .t z“‘.(uﬁl) ta Z"w (¥ | !
A . ‘ B ' .
Mw ! M'.w'(mﬂ)~tH,.‘w(“.:;) (96)
,"w ) I-.".w {omdt) k:.'w (nam2)) .




In the goneral cees (if sad ¥ vary vits tins and the susfficieats
say very with iy snd ¥ . Sovewsr, in srder 1o obtais as sppromimsts

sslutisn of engineering walus it 15 sov sssumed thet the sosfficients ary
constant and \hat ¥ 1o appreniataly, constant. decordingly, Fou By

H;f - 4“{., are therefore constant and substititios of Ies. {82+83
1ats Equ. {5+0 ) yleldsthe 4ifferential qnticusf mction.

Toe beale form of Lqe. (& .6) after swbetitutisg Las. {82 . 89

mahﬁ—ct&ﬁs-ﬁﬂu‘mk,mn&aﬁa.h

ukda,ﬂkﬁnmiadhmﬂmﬁad& appiy squally wll

hore.* The now dynamic naust; fsw, therefors, becomis

L 4

A= M:}{u?}c- 'L—fssr}* Pf,,fﬁ;ut’*‘
Y
(o)

- e ——

Ihe requiressst for dyneaic stability i. eb.a:hed fros Iy. 60 )
-d e

k- )\mF <O (€.

The contrituticas of the roll depesdest forces sed somssts to the
dynaaic ptadility of Lunar astion aay sew be considered using &g, (98 ).
for aiseiles vith conted fins roll lock=ia was showm to secar in the roglen

*5iane Y was sasumed constaat 1t follows that P' &, throughest this
developmmat.




8% Y & 212, Tans the Piret varm 1a kg, (88) 10 redveed 1n
8150 b7 the rell depemient fores, The effest s aoted to be destebllising
in o fin-stabilised alssile. The last ters ia By (88 ) 1s the major

semtristor 1o stability, and 1t 1s seted that the additiom of side momset

&Mhn-ummmnc-mwmuuqorm
astica. ’

Distwesion of Catastrophis Yaw Bwaluatios

The asthenatisal amalyses of roll losk-in amd catastrophic yav suggest
® sothod for poseibly evelwating this type of flight imstebility and -
avelding 1t is miseile Jesign. The methud considers the alssile to be in
e ciredler pltebing ant yewisg sotion of amplivede W. The firet step
19 o deternine If pol) losk-in 10 ~20ille and, 1f 9s, to determine the roll
loskeia mmgle. By fluld calewlatioas, o™ ,uss1ble, or by experimsatal
Mpdel testing in vind twaels, water tuanels, ssrcballistic reages, ote
nh-orarC.‘. . C,’ - t‘.,“ =y b ohtained. Thess walues
vhen gubetiteted lato Lq. (77 ) yield ‘values for the rell losk~in sngle
un.mu. of the complex amgle of atteek,

The Bext step 10 1o compute x‘_ e Bq. ( %0) wy watag
thesrstisel o amperimsatal valmes for the required forwss end measats
i by valng the previowaly deteratved values for Y (W)

Toms & plot of ): &0 & fumstion of the sise of the saswmsd cireuler
mtion, W s S0y b made 1a vhich the regices of possible dysemis
180tad111t7 will be revesled. Talwes of )"->.°"’ ¥ avolded (1) Wy
reduzing the iaitial lawmeting sedt f1ight conditions suad that weteble

.
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valuse of Y will set b emsountarsd or {2} by eomfigurstiomsl or isortia
redesign of the alsatls to sarue X, <O for all stiotpeted valuss of W,
It 1s eloar that either the eliairetios of roll lock-1a by reducing G,
or the elialsgticn of the detrimotal aide momeot comtritutions to A’
‘\rmt Satastrophic Taw. It is noted that roll lesk-ixz is & necessery
ot 3ot & sufficient zonditiocn for this instability. ..
Wile 1t 1s recogaised that & atasile in f1ight vill sot gemersily N
bows & purs circular sotios, &s sssumsd bere, ose would certalaly bawe
sensldershie latk of conlidemce in my dui!;duip which was indicated
dynanically wstable in this sisple mede. The requiressst thet the alssile
% dymenicelly stable ia tals stwpls pure clrculsr sotion seeas ssadatory
1f deeigns of ssrgisal stabllity sre 12 bs elininated. This may de
particularly true vhen 1% i recalisd that all f1ight dymenic isstabilities
 obeerved by ths writer aeve bean obewrved 10 Ie uitisel 'y of the pure

sircular type.
The extesaios of tais approach to more ccpliceted mstions is left
for future stuly. dpplicatioss, thus far, of this lelactrephic DTaw Thecey
are presisiag end indiccts that tais sisple, sasy, wd quizhk msthod should ‘
e of eosizianse o the dsalgn eagizeer and the f1ight dysasicist.

WdehM
Linited thecretical amd -‘ﬂ.-u: pplications of the Catastrophic
Tow Thoory Seve boas aude. In the esperimatal cess, s air dropped aissile
 wes senaidered wkish was cssaslomally cbesrved ts dewe sxtramsly large

pivehing sd yoving metions eeccapanied iy 2 fallure % rell ot the designed
ete. The metios vas diagnceed to be Cetastrophis Taw sad, guided by the '

3a




theory gives here wind tunnel Wests vers oarrisde.Valuss for the required
sercdynsals cosffisieats vers obtaired for the basic coafiguration as ' \
well ss three modificatices. Dynaalc stability plots {i.e. )f,, (W)
vere made for each of the four configurations in order to svaluate their
yelative dynanic stability. Tes full scale designs of each type ware
sonstructed and flight tested. The detailed dynamic performance of each
type was ohaerwved.’ The results from the observations uf fiight stability -
o8 eath Lype were in the same urder of eveluation given'by the puuct_tana
of the theory. n.'mm teat progre= is ieportad ia refevence (41).
NORC Study ' ~
In the amalytical case, the exast non-llnear differential equations
of action zontaining {~“uced roli mumuy 29 +'de momest were coded for
mlnn'ﬂcd integration on MAS. The prvr;om -1 the NORC.calculetion wes
twofold; first, it ves desired to compute the flight performance of &

" particular aissile when subiected to various initiel leunching conditions,

and second, it ves desired to compare the predictions of the epproximate
Satastrophic Yaw Theory with the results fros the integratiom of the

‘exact equations,

Approximately 200 vonplete six degrevs of freedoa rigid dody
comg .tations vere carried out on WAC, All the in-puts (ccefficients, none

-1inearities, fin incidence aqh;. physical parsmsters, initial consitices,
H

ots.) vere systemically varisd. Tnres cases most clearly reflect be

sssential contriduticns of the induced roll mment end the side momsat

v
..
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& alssils Plight performsace and stability. These three cases are
{llustreted ix Pig. 17 . I» order o provide s saxisus opportunity for
Catastrophic Taw to ccour during the cosputatioms, initial conditiomn

wers delectad which represented lLunar sotion. In order to obtain a

-

soaplete bistory of the aissile’s performance for aay given cusse,
eomputations were run both forward and beckward in time. As & result,
for these tiree cases the angle of atteck and th. rolling welocity are all

~ identical st & specific valus of time not aqual o 0. The "lizear case”

repressnts the angle of attack Alstory and the rolling veloeily Ristery
when only the elassical lisear serodynssic systesm is saplrped. Here it
is noted that tae roll perforasnce is requler sxhiditirg 5o tendsacy to

Joek-in at the Mutation rate, and alsc smhibiting & pitehiag and yewing

motion that is well dasped =+:re mating the dymamically auh}sréusp‘
+bon the indused rcil scasat ‘is added to the linear = culstios, the

metions labeled “induced roll measnt™ sre obtained. The ritening sad -

Feuing motion is observed to be sssentially urcharged ss vould be predisted
froa the Jatastrophic Yaw Thwory. The pollirg motion, Rowsver, sxhibits
roll lock~is and later roll Lreak-cut. 3Both of these charscteristics

are predicted by the Catastropnic Yow Theory, The roll lockeln cecure

" when Y 1s & somstant. Rell breek-out occurs At thet valus of the angle

of sttack for which the Induced roll ageest is no longer larger thas,

or squal to, the roll soasnt due to csnt of the fins. Under these
circumstances the roli scmerit dus to cast s able o be effsctive in
sameing the missile to increass its roliling veloeity sod tand toward tie
required stondy state walus. This esse appears 1o bear cut the predictions

s
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oF the ccatrilution of the additica of the ixtwed roll mmemt a8
. afferting the rell performmmee of alseiles. The last case represeats
' e sngle of ettack aad rolling bustories vhea both the indwed roll
st aad the 81ds Bomemt are added te the lisear formulation. Ber ve

obsarve Catastropbic Jav and complete Foll losk~in. (Pig. 184s imsluded
to 1llustrate the iateresting namser n which the roll orieatation
agle, ¥ . ehanges to tine prior to lock-is.)

The three cases clearly indicate the depeadence of these qunuu'n
ia ecatrituting to the owersll performamce of the missile. Without hs
iadwsed roll moment, roll losk-1s could »ot coewr. Without roll lock-in
mm--ummmomnm;uﬁ-mmum{.
wadasping of the pitohiag aad yaving metion. In order to evold flight
Instedilitiss of tals type, ‘% s clear that two obvious svenuss of
approach are svailable. One spproech 1s to reduse = :lde moment to

" & sise such that it vill sot produce the dynamic inottl;ilxty. ﬁ- other
approach is to reduce the induced roll momemt 80 that roll loek=in does
mot oeceur.

A taird but not 8o obwious epproach would be to escept the eetion
of the iadeced roll somsat producing foll loek-im, azd also ascept the
side somsat, Dut odtain a valus for roll trim ia the regios 22 1/2°< Y & 45°

"se that the side momsat would thew est a0 & strosg etabilising influsace.
4 valus of 1, is this region may de obteined by sisply rescviag the amgle
of cant frod the fims. It is sses frve the Catastrophic Yaw Theory that
rell losk=in would them ceccur in this n.iﬁ. C.ahu.huau carried out
oa WAC with end without the roll caat emgle are given in Pig. 19 vhere

b J




1% 15 ssted that although Pell losk~ia cectrs vhes the zeat angls is
¥
vemoved the dynamic imstability dus to side momsat does mot ocowr ia

the pitehing end yeviag wmtice.

Gonelodiag Reasrks

The results from both the experissatal progras and tbe computatisasl
wtudy using the exnat squetions lend considersbls conficence in the
qulitative predictions of alsaile dynamis stability using the Catsstrophic
Tow Thwory. .

' }_ In addition to providing 'ﬂl aserchallistic design enginesr with &

piic and saay msthod for predicting the bounds of sissile dynamic

stability, the ssalysis bas stisiatad the development of wind %6&5&!5 and

ssroballistic rasge teciuiques 2rr the szperimental detersination of the

] mulq ssrodnamic coeffizients, and also Las peov! l2u geaeral non-lineer

; ) squations of missile sotice in ai. aix degrees of freedoa whizh nov are o -

' coded for ready computetion on WRC and are availsbls for aay proposed ~
alssile Sst!p,x
The sver incressing cost aad complexity cf aissile wespoas systess

requires an axtensive use of this mew capability which ﬁl«c the precise
cosputation of aissile fllignt performance and thus systen svelue’ lon loag
bafore sny detalled 1-:&-!::: or slectric design or comstreetion is

umdertaken.
' #Ith tAls spproach unpromising \.lemt systeas designs say be
slininated sarly in the resssich and developmsat progras and eu:tntr.:ttd




taphasis may e plased "a priori® on Lhe msst preailsing eystess aad
L ' Ahelr wique psoblens.

The suthor vuld like W express his sincere sppresistion to
, Maymoad [. soody, aiversity of Virginis, for Bis iavaluable assistance
ia chcuu‘nl of the agonising elgebrs.
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FIG.4 ROLL LOCK-IN
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